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Although group theory is technically a branch of pure mathematics, groups

have found such a pervasive use in physics that they merit inclusion in a site
on physics. In the spirit of physics, I will try to avoid mathematical jargon
as much as possible, although many terms and symbols are in common use
in physics, so I really have to follow these conventions.

First, we need to define what is meant by a mathematical group. A group
is a set of objects combined with an operation known as composition, or,
more commonly in physics, just multiplication. The term ’multiplication’
is used because many groups in physics can be represented by sets of ma-
trices, and the composition method is ordinary matrix multiplication. A
composition of two group elements gi and gj is written with the alternative
notations gi ◦ gj , gi · gj or sometimes just gigj . We’ll use the last notation
when there is no possibility of confusion, since it resembles the usual math-
ematical way of writing a product.

The objects and composition operation must satisfy the following axioms:-

group axioms

(1) For any two objects gi and gj in a group G, their composition gigj
is also in the group. Mathematically, this is written as ∀gi,gj ∈
G,gigj ∈ G. Here the symbol ∀ is shorthand for ’for all’, and ∈
means ’is a member of’ or just ’in’. This property is known as
closure.

(2) Any group G must contain an identity element I which obeys the
composition rules giI = Igi = gi. That is, multiplying any group
element gi by the identity I leaves gi unchanged.

(3) Every element gi ∈ G must have an inverse g−1
i , with the property

that g−1
i gi = gig

−1
i = I . That is, the inverse g−1

i ’undoes’ whatever
the element gi does.

(4) The composition or multiplication operation must be associative, so
that (gigj)gk = gi (gjgk).

Note that the composition of two elements gi and gj is not required to be
commutative. That is, we do not require that gigj = gjgi. If the group

not commutative1
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elements are matrices, this should make the lack of commutativity a rea-
sonable requirement, since the product of two matrices in general depends
on the order in which they are multiplied.

A group A all of whose elements do commute is called an Abelian group,-
named for the Norwegian mathematician Niels Henrik Abel, who made

Abelian groupsmany important contributions to mathematics in general and group theory
in particular, despite the fact that he died of tuberculosis at the age of only
26.

Example 1. A nice illustration of how these axioms can be applied is with
the definition of the centre of a group G. The centre of a group is denoted
by Z and is defined to be the set of the members of G that commute with
all members of G. What can we say about Z?

First, Z contains the identity I , since by axiom 2 above, I commutes with
everything.

Second, Z also satisfies axiom 1. Suppose we have two elements zi and
zj of Z. By definition, both zi and zj commute with all members of G, so
we have, for some arbitrary member gk of G:

zizjgk = zigkzj = gkzizj (1)
Thus zizj also commutes with any member of G and is therefore in the set
Z.

Third, we can show that if zi ∈ Z, then the inverse z−1
i ∈ Z. We note

that, since zi ∈ G, its inverse z−1
i ∈ G, by axiom 3 above. Start with a

single element zi. Then we have

zigj = gjzi (2)

Now multiply both sides on the left and right by z−1
i :

z−1
i zigjz

−1
i = z−1

i gjziz
−1
i (3)

Igjz
−1
i = z−1

i gjI (4)

gjz
−1
i = z−1

i gj (5)

Thus the inverse also commutes with every element gj , so z−1
i ∈Z if zi ∈Z.

Finally we can check the associativity axiom 4. We have, using 1

(zizj)zkg` = (zizj)g`zk = g` (zizj)zk = g`zizjzk (6)

zi (zjzk)g` = zig` (zjzk) = g`zi (zjzk) = g`zizjzk (7)

Thus we see that Z satisfies all 4 group axioms and is therefore a group.
Since all members of Z commute with all members of G, all members of
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Z must also commute with each other, so Z is an Abelian group. A group
such as Z that is entirely contained by another group G is called a subgroup
of G, and is written as Z < G if G contains some elements that are not in
Z, or Z ≤G if Z and G can be the same group.

This notation is distinct from the notation for sets. In this case, we have
Z ⊂ G to indicate that Z is a proper subset of G (meaning that there are
elements in G that are not in Z) and Z ⊆ G to indicate that Z and G may
contain exactly the same elements. It’s important to realize that a set is not
the same thing as a group. A set is just a collection of objects without any
rule for composition or multiplication. Some books use the set notation for
groups as well, so take care.

PINGBACKS

Pingback: Subgroups and Lagrange’s theorem
Pingback: Group multiplication tables and order-6 groups
Pingback: Permutation groups - cycles and transpositions
Pingback: Invariant subgroups
Pingback: Derived subgroups
Pingback: Cosets and quotient groups
Pingback: Representations and characters of groups
Pingback: Great orthogonality theorem
Pingback: Square roots of group elements
Pingback: Group of relatively prime numbers
Pingback: Sets, groups, fields, vector spaces and algebras

https://physicspages.com/pdf/Group theory/Subgroups and Lagrange's theorem.pdf
https://physicspages.com/pdf/Group theory/Group multiplication tables and order-6 groups.pdf
https://physicspages.com/pdf/Group theory/Permutation groups - cycles and transpositions.pdf
https://physicspages.com/pdf/Group theory/Invariant subgroups.pdf
https://physicspages.com/pdf/Group theory/Derived subgroups.pdf
https://physicspages.com/pdf/Group theory/Cosets and quotient groups.pdf
https://physicspages.com/pdf/Group theory/Representations and characters of groups.pdf
https://physicspages.com/pdf/Group theory/Great orthogonality theorem.pdf
https://physicspages.com/pdf/Group theory/Square roots of group elements.pdf
https://physicspages.com/pdf/Group theory/Group of relatively prime numbers.pdf
https://physicspages.com/pdf/Group theory/Sets, groups, fields, vector spaces and algebras.pdf

	Pingbacks

